Abstract: In this article, the concept of nil clean graph of a ring has been generalised to weakly nil clean graph of a ring and graph theoretic properties like girth, clique number, diameter and chromatic index of the graph have been studied for a finite commutative ring.
Introduction
Rings in this article are finite commutative rings with non zero identity. The set of idempotents, nilpotent elements of a ring R and the n × n matrix ring over R are denoted by Idem(R), N il(R) and M n (R) respectively. An element x of a ring R is said to be a nil clean element [5, 6 ] if x = n + e, for some e ∈ Idem(R) and n ∈ N il(R). The ring R is said to be nil clean if each element of R is nil clean. An element x of ring R is said to be a weakly nil clean element [2, 4] x = n + e or x = n − e, for some e ∈ Idem(R) and n ∈ N il(R). The ring R is said to be weakly nil clean if each element of R is weakly nil clean. The set of nil clean and weakly nil clean elements of R are denoted by N C(R) and W N C(R) respectively.
In this article, by graph, we mean simple undirected graph. For a graph G, V (G) denotes the set of vertices and E(G) denotes the set of edges. For a positive integer n, P. Grimaldi [8] defined and studied various properties of the unit graph G(Z n ), of the ring of integers modulo n, with vertex set Z n and two distinct vertices x and y are adjacent if and only if x + y is a unit. Further in [1] , authors generalized G(Z n ) to unit graph G(R), where R is an arbitrary associative ring with non zero identity. Recently D.K. Basnet and J. Bhattacharya [3] , defined nil clean graph of a finite commutative ring R, where the vertex set is R and two distinct vertices x and y are adjacent if and only if x + y is nil clean and they studied various properties of nil clean graph of finite commutative ring.
In this article we have introduced weakly nil clean graph G W N (R) associated with a finite commutative ring R motivated by the concept of Nil clean graph of a finite ring R [3] . We define G W N (R) as R is the vertex set and two vertices x and y are adjacent if and only if x + y is a weakly nil clean element of R. The properties like girth, diameter, clique number and chromatic index of G W N (R) have been studied.
Here we mention some preliminaries about graph theory for this article. Let G be a graph. The degree of the vertex v ∈ G denoted by deg (v) , is the number of edges adjacent with v. A graph G is said to be connected if for any two distinct vertices of G, there is a path in G connecting them. Number of edges on the shortest path between vertices x and y is called the distance between x and y and is denoted by d(x, y). If there is no path between x and y then we say d(x, y) = ∞. The diameter of a graph G, denoted by diam(G), is the maximum of distances of each pair of distinct vertices in G. Also girth of G is the length of the shortest cycle in G, denoted by gr(G). Note that if there is no cycle in G then gr(G) = ∞. A complete graph is a simple undirected graph in which every pair of distinct vertices is connected by a unique edge. A bipartite graph G is a graph whose vertices can be divided into two disjoint parts V 1 and V 2 , such that V (G) = V 1 ∪ V 2 and every edge in G has the form e = (x, y) ∈ E(G), where x ∈ V 1 and y ∈ V 2 . Note that no two vertices both in V 1 or both in V 2 are adjacent. A complete bipartite graph is a graph where every vertex of the first part V 1 is connected to every vertex of the second part V 2 , denoted by K m,n , where |V 1 | = m and |V 2 | = n. A complete bipartite graph K 1,n is called star graph.
A clique is a subset of vertices of an undirected graph such that its induced subgraph is complete. A clique having n number of vertices is called n-clique. The maximum clique of a graph is a clique such that there is no clique with more vertices. The clique number of a graph G is denoted by ω(G) and defined by the number of vertices in the maximal clique of G. An edge colouring of a graph G is a map C : E(G) → S, where S is a set of colours such that for all e 1 , e 2 ∈ E(G), if e 1 and e 2 are adjacent then C(e 1 ) = C(e 2 ). The chromatic index of a graph G is denoted by χ ′ (G) and is defined as the minimum number of colours needed for a proper colouring of G.
Weakly nil clean graph
In this section we will define weakly nil clean graph of a finite commutative ring and discuss its basic properties.
Definition 2.1. The weakly nil clean graph of a ring R denoted by G W N (R) is defined by setting R as the vertex set and two distinct vertices x and y are adjacent if and only if x + y is weakly nil clean. Here we are not considering any loop at a vertex in the graph.
From the definition, nil clean graph of a ring R is always a subgraph of a weakly nil clean graph of R. For illustration following are the weakly nil clean graphs of Z 10 and GF (25), where Z 10 is the ring of integers modulo 10 and GF (25) is the finite field with 25 elements. 
Define, α = x+ < x 2 +x+1 >, then we have GF (25) = {0, 1, 2, 3, 4, α, 2α, 3α, 4α, 1+ α, 1 + 2α, 1 + 3α, 1 + 4α, 2 + α, 2 + 2α, 2 + 3α, 2 + 4α, 3 + α, 3 + 2α, 3 + 3α, 3 + 4α, 4 + α, 4 + 2α, 4 + 3α, 4 + 4α}, Observe that W N C(GF (25)) = {0, 1, 4}. For any prime p the weakly nil clean graph of Z p is given below. If
The following theorem is based on complete graph.
Theorem 2.2. The weakly nil clean graph G W N (R) is a complete graph if and only if R is a weakly nil clean ring.
Proof. Let G W N (R) be a complete graph. For r ∈ R, r is adjacent to 0, so r = r+0 is weakly nil clean element in R. Hence R is weakly nil clean ring. Converse is obvious from the definition of weakly nil clean graph.
, where e ∈ Idem(R), as idempotents lift modulo N il(R). Thus x + y = e + n or x + y = −e + n, where n ∈ N il(R). Now for a ∈ x + N il(R) and b ∈ y + N il(R), we have a = x + n 1 and b = y + n 2 , for some
The next Lemma is related to the degree of a vertex in G W N (R).
Lemma 2.4. Let G W N (R) be the weakly nil clean graph of a ring R. For x ∈ R we have the following:
Proof. Proof is similar to Lemma 2.4 [3] .
The result of connectedness of weakly nil clean graph of Z n and M n (Z n ) is given below: Theorem 2.5. For a ring R. The following hold :
(ii) Let R = Z n . For a ∈ Z n there is a path from a to 0.
Proof. 
Invariants of weakly nil clean graph
In this section, for any ring R, we study about some invariants like girth, clique number, diameter and chromatic index of G W N (R).
Girth of G W N (R)
Here in the given theorem we show that the girth of weakly nil clean graph of any ring is 3. So the girth of a ring R is always 3. 
Clique number of G W N (R)
Here we study about the clique number of weakly nil clean graph of any finite field and graph G W N (Z 2p ). 
It is clear from Figure 5 [3] , that the weakly nil clean graph of GF (p n ) is partitioned into disjoint subgraphs, where one subgraph contains p number of vertices and rest other subgraph contains each of 2p number of vertices. In graph theory, the neighbourhood of a vertex v of a graph G is denoted by N (v) and defined to be the set of all vertices adjacent to v. Note that v / ∈ N (v).
Lemma 3.6. For Z 2p , where p ≥ 5 is a prime number, the following hold: (ii) The possible pairs (a, b) ∈ Z 2p × Z 2p satisfying the condition a + b = 1 and a / ∈ {0, 1, p, p + 1, If a 1 = 0 and a 2 = 1 then it gives a 3 = {−1, p, p − 1}. Since p + (p − 1) and (−1)+p ∈ W N C(Z 2p ), so we get the 4-cliques {0, 1, −1, p} and {0, 1, p, p−1}.
Similarly if a 1 = p and a 2 = p+1 then it gives two 4-cliques {p, p+1, p−1, 0} and {p, p + 1, −1, 0}.
(ii) Let a i / ∈ W N C(Z 2p ), for some 1 ≤ i ≤ 4. Without loss of generality assume that i = 1. By Lemma 3.6, a 1 ∈ { Here we define an element x ∈ R weakly nil clean element of type 1 if x = n+e, and is of type 2 if x = n − e, where n ∈ N il(R) and e ∈ Idem(R). Proof. Clearly R × S is not weakly nil clean ring by Theorem 2.3 [2] and diam(R × S) ≥ 2 by Lemma 3.9. Let (x 1 , x 2 ), (y 1 , y 2 ) ∈ R × S, so x i = n i + e i or x i = n i − e i and y i = m i + f i or y i = m i − f i , where n i ∈ N il(R), e i ∈ Idem(R), m i ∈ N il(S), f i ∈ Idem(S) and 1 ≤ i ≤ 2.
Case I: If all x i and y i are weakly nil clean element of same type then (
Case II: If any two from x i and y i are weakly nil clean elements of different types then without loss of generality assume x 1 = n 1 − e 1 and all are weakly nil clean elements of type 1. Clearly (
Case III: If x 1 and x 2 are weakly nil clean elements of different types and y 1 and y 2 are also weakly nil clean elements of different types. Assume that x 1 and y 2 are of type 1 and x 2 and y 1 are of type 2, then (
is a path from (x 1 , x 2 ) to (y 1 , y 2 ). Similarly for any pair satisfying Case III we get a path of length 3 from (x 1 , x 2 ) to (y 1 , y 2 ).
Hence from the above three cases we conclude that the diameter of G W N (R×S) is either 2 or 3.
The weakly nil clean graph of Z 2p is given below for the next theorem on diameter of G W N (Z 2p ). 
Chromatic index
Let △ be the maximum vertex degree of G, then Vizings theorem [7] gives △≤ χ ′ (G) ≤△ +1. Vizings theorem divides the graphs into two classes according to their chromatic index; graphs satisfying χ ′ (G) =△ are called graphs of class 1, those with χ ′ (G) =△ +1 are graphs of class 2. Following theorem shows that G W N (R) is of class 1.
Theorem 3.12. Let R be a ring then the weakly nil clean graph of R is of class 1.
Proof. We colour the edge ab by the colour a + b. By this colouring, every two distinct edges ab and ac have different colours and C = {a+b | ab is an edge in G W N (R)} is the set of colours. Therefore the weakly nil clean graph has a |C|-edge colouring and so χ ′ (G W N (R)) ≤ |C|. But C ⊂ W N C(R) and χ ′ (G W N (R)) ≤ |C| ≤ |W N C(R)|. By Lemma 2.4, △≤ |W N C(R)| and so by Vizing's theorem, we have χ ′ (G W N (R)) ≥△= |W N C(R)|. Therefore χ ′ (G W N (R)) = |W N C(R)| =△, i.e., G W N (R) is of class 1.
